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1. Appendix

A. Optimization for AP-SVM

Algorithm 1 Cutting plane algorithm for solving AP-SVM.
Require: X, Y™, ¢

1: Initialize the set of active constraints W < ()

2: <=0

3: repeat
4: t<=t+1
5 Learn parameters wy, & by solving the following
convex problem over the set of active constraints
W,

1
argmin ~||w||? + C¢
w.§ 2

stYY eW: {w'¥(X,Y", {Hp,Hy})
7WT\I}(XaYa {HP,HN})} > A(Y*7Y) - 5

6: Find the most violated constraint by solving the
following problem,

Y = argmax{A(Y*, Y)+w ¥(X,Y,{Hp,Hy})}
Y

(D
7: Add the most violated constraint to set of active
constraints W.
8: until

A(Y*Y) + {w, (X, Y,{Hp,Hy})
—w (X, Y* {Hp,Hy})} <& + e

Algorithm 1 describes a cutting plane algorithm for esti-
mating the parameters of an AP-SVM by solving the follow-
ing problem:

1
min 3 [|wlf* + C¢, @

s.t. VY {w ¥(X,Y*, {Hp,Hy})
_WT\II(X7Y7 {HP7HN})} 2 A(Y*7Y) - 5

Briefly, the algorithm starts by specifying no constraints
(step 1 of Algorithm 1: W is initialized to the null set).
At each iteration, it adds a single constraint, which corre-
sponds to the most violated ranking (step 4 of Algorithm 1:
solving problem (1)). Intuitively, problem (1) finds a rank-
ing that differs significantly from the ground-truth ranking
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in terms of AP but has a high score. Having added the most
violated constraint, the cutting plane algorithm updates the
parameters by solving a convex quadratic program (step 3
of Algorithm 1). The algorithm stops once no constraint can
be found that is violated by more than the desired precision
€.

The feasibility of the cutting plane algorithm relies on
solving problem (1) efficiently. For fixed values of Hp and
H  (which is indeed the case for supervised AP-SVM), this
can be achieved using the algorithm described in the follow-
ing appendix.

B. Loss-Augmented Inference for Fixed Additional
Annotations

Algorithm 2 Finding the most violated constraint for AP
loss with known values of additional annotations.
Require: X, Y* Hp, Hy,w
1: Sort positive inputs x; € P and negative inputs x; € N’
in descending order of classifier score w' ®;(h;) and
w ' ®;(h;) respectively.
2: Initialize ranking Y, s.t. all positive samples are ranked
higher than negative samples.
3: forj=1— |N|do
: Find the position of j*" ranked negative which
maximizes loss-augmented score,
AY*Y)+wTU(X,Y,{Hp, Hy}).
5: Update Y with the best position of the j** ranked
negative.
6: end for
7: return Y.

The greedy algorithm of Yue et al. [2] for solving prob-
lem (1) for a fixed values of Hp and Hy is outlined in
Algorithm 2. Briefly, it starts with the ground-truth rank-
ing, where each positive sample is ranked higher than all
the negative samples (step 2 of Algorithm 2). Next, it finds
the ranking for each negative sample independently such
that the loss-augmented score is maximized (step 3-6 of Al-
gorithm 2). The overall complexity of the above algorithm
is O(n?) where n is the number of samples and it can be
shown to provide the optimal ranking Y that maximizes the
AP loss augmented score. We refer the interested reader
to [2] for details.



C. Optimization for Latent SSVM

The parameters w of a latent SSVM are learned by min-
imizing a regularized upper bound on the training loss.
Specifically, the parameters are obtained by solving the fol-
lowing optimization problem:

1
min {|w|[* + C¢, 3)

s.t. VY,I:IN,HP,HN :

max{w ' ¥(X,Y* Hp, Hy)}

Hp

~-w!U(X,Y,Hp,Hy) > A(Y",Y) - &

The above problem belongs to a special class of non-
convex optimization problems called difference-of-convex
programs. Specifically, its feasible region can be viewed as
the difference of two convex sets. Thus, we can employ a
concave-convex procedure (CCCP) [3] to obtain an approx-
imate solution, as described in Algorithm 3. Briefly, the
CCCP algorithm starts with an initial set of parameters and
iterates over two steps until convergence. In the first step,
it fixes the parameters and finds the best set of additional
annotations I:I} of the positives samples for the ground-
truth output Y*. In the second step, it fixes the additional
annotations ﬂ*P and updates the parameters by solving the
resulting convex optimization problem.

In more detail, the imputation of the additional annota-
tions for the positive samples requires us to minimize the
slack &, which is carried out by solving the following prob-
lem:

argmin{A(Y*,Y) - w' ¥(X,Y*, {I:IPa I:IN}) “)
Hp

+w U(X,Y,{Hp,Hy})}.

As the loss term A(Y*,Y) and score for incorrect ranking
U(X,Y,{Hp,Hy}) are independent of Hp, problem (4)
reduces to the following:

ﬂ*P = argmawa\IJ(X,Y*7 {I:IP,I:IN})~ 4)
Hp

We refer to the above problem as output-consistent infer-
ence (since it fills in the missing information under the con-
straint that it is consistent with the output, that is, the opti-
mal ranking).

Given the imputed latent variables I:I’;,, the parameter
can be updated using the cutting plane algorithm. The com-
putational feasibility of the cutting plane algorithm relies
on being able to efficiently compute the most violated con-
straint. In our case, the most violated constraint is found by

solving the following problem:

YAvaI:INaHFHHN =
argmax {w' ¥(X,Y,{Hp,Hy})
Y,Hy Hp Hy
—wlU(X,Y", {H}p, Hy}) + AY, Y)} (6)

We refer to the above problem as loss-augmented infer-
ence (since it augments the score of the ranking with its AP
loss).

Algorithm 3 The CCCP algorithm for parameter estimation
of latent AP-SVM.
Require: X, Y"* wy,e¢
:t<=0
2: repeat
3: Impute the latent variables by solving problem (5).
4: Update w1 by fixing the latent variables to ﬂ*P
and solving the following convex problem,

Wi = argming, %HWHQ + C¢,
st.ow! (X, Y* {Hs Hy)) —
WT\I/(X,Y, {HP,HN}) Z
A(Y*Y) - ¢ VY, Hy, Hp, Hy
t+t+1
until Objective function cannot be decreased below tol-
erance €

> v

To summarize, CCCP requires us to solve two problems:
problem (5), that is, output-consistent inference and prob-
lem (6), that is, loss-augmented inference. We now describe
how both the problems can be solved efficiently to obtain an
accurate set of parameters for latent SSVM.

Output-Consistent Inference. Problem (5) can be solved
efficiently by independently choosing the additional annota-
tion for each positive sample using the following criterion:

h} = argmax s;(h;). @)

i

Loss-Augmented Inference. To the best of our knowl-
edge, the second step of the CCCP algorithm cannot be
solved optimally due to the lack of an efficient algorithm
that computes the most violating constraint for the corre-
sponding cutting plane algorithm. We now provide details
of an approximate optimization algorithm for problem (6)
that was used in our experiments.

An approximate solution of problem (6) can be obtained
in two steps. In the first step we minimize the positive
score w ' U(X,Y*, {H, Hy}) over Hy. Since, the pos-
itive score is independent of the loss, it decomposes over
all negative samples and thus can be solved independently
by choosing the additional annotation h; for each negative



sample using the following criterion:

flj = argmax s;(h;). 8)

J

The second step is to maximize the loss-augmented neg-
ative score. Note that loss-augmented inference requires us
to not only obtain the ranking of the samples, but also the
additional annotations of each sample. Let us denote the
set of all the ranks that are occupied by a positive sample
by R*. Similarly, the set of all the ranks that are occupied
by a negative sample is denoted by R~. We first focus on
the problem of finding the additional annotations of each
sample for a given ranking, that is, for fixed sets R* and
R~. We will later describe how we approximately optimize
over the rankings. Let us consider the task of obtaining the
additional annotations for the positive samples. To solve
this task, we construct a [P| x |P| matrix Sp, such that
Sp(i,a) is the score of assigning the sample i € P to the
rank a € R*. Formally,

SP(Zv CL) = H%la’x Casi(hi)v (9)
where
¢o = max §(b < a) —d(b > a). (10)
beR~

d(.) returns the number of positive, negative example pairs
satisfying the condition in the argument. The best assign-
ment of additional annotations for the positive samples can
be found efficiently by applying the dynamic Hungarian
algorithm [1] to the matrix Sp. Similarly, to solve the
task of obtaining the additional annotations for the nega-
tive samples, we construct a |A| x |[A| matrix Sy, such
that Sy (J, a) is the score of assigning the sample j € N to
the rank a € R, that is,

Sn(j,a) = maxcqs;(hy), (1)

where
o = o(b —4(b . 12
€a = max d(b>a) —d(b < a) (12)

Once again, the best assignment of additional annotations
for the negative samples can be found efficiently by apply-
ing the dynamic Hungarian algorithm [1] to the matrix S .

The above argument shows that, for a given ranking, the
optimal assignment of additional annotations for both the
positive and the negative samples can be obtained in a com-
putationally feasible manner. However, the optimization
over the ranking itself poses a difficult problem. In order
to obtain an approximate solution, we employ the following
greedy strategy, which is a natural extension of the algo-
rithm proposed by Yue et al. [2] for the supervised learning
case. We start with the perfect ranking, where all the posi-
tive samples are ranked higher than all the negative samples.
Next, we consider shifting the highest negative rank up the

ranking while keeping all other ranks fixed. For each such
ranking, we compute the value of the loss. Furthermore,
we also compute the assignment of additional annotation to
the ranks such that the score is maximized. We pick the
ranking that maximizes the loss augmented score among all
such rankings. Next, we consider shifting the second high-
est negative rank up the ranking, and find the ranking that
maximizes the loss augmented negative score. We continue
this procedure until we have considered shifting the lowest
negative rank up the ranking.

Non-Optimality of Loss-Augmented Inference The
above algorithm can be shown to be non-optimal using a
counter-example. Table | describes one such example with
two positive and negative samples each. Each sample has
two possible values for additional annotation. The first row
of the table represents the identifier of each sample. The
second and third rows represent the score of the sample
upon choosing first or second value of additional annota-
tion respectively. The bottom row contains the label of each
sample.

SampleID | 0 | 1| 2 |3
Scoreg 4 171110
Score; 81619 |7
Label 10111

Table 1. Counter-example with two positive and negative samples
each. Each sample has two possible values for additional anno-
tation. The first row of the table represents the identifier of each
sample. The second and third rows represent the score of the sam-
ple upon choosing first or second value of additional annotation
respectively. The bottom row contains the label of each sample.

We represent the ranking as a list of ordered pairs (a, b).
The first entry of the ordered pair is the Sample-ID and sec-
ond entry is the index of additional annotation selected:

The global optimum for the example in Table 1 is the
following ranking,

(0,1);(2,1); (3,0); (1, 1),
which yields a loss augmented score of is 22.6.

We now compare the global optimum with the solution
obtained using the greedy algorithm described above. We
start with the perfect ranking, where all the positive sam-
ples are ranked higher than all the negative samples. For
the example given in Table 1, we have the following initial
ranking.
++—

The best assignment of additional annotations for the
samples can be found by applying the dynamic Hungarian
algorithm. We have the following assignments for the initial
ranking,

(17 0); (3,1); (2, O)? (07 0),



which yields a loss augmented score of 18.

Next, we consider shifting the highest negative rank up
the ranking while keeping all other ranks fixed. Following
is the corresponding ranking.

+—+—

Following is the best assignment for this ranking, yielding
a loss augmented score of 12.2,

(1’ 0); (07 0)? (370)§ (270)'

Next, we consider shifting the highest negative rank
further up the ranking while keeping all other ranks fixed.
Following is the corresponding ranking.

The best assignment for this ranking is as follows, which
yields a loss augmented score of 14.4.

(0’ 1)§ (17 0)? (370)§ (270)'

Out of the above 3 rankings, we pick the ranking that max-
imizes the loss augmented score. For this example, the fol-
lowing ranking maximizes the loss augmented score.

++——

Next, we consider shifting the second highest negative rank
up the ranking and find the ranking that maximizes the loss
augmented negative score, that is, we find the best ranking
among the following.

++——
+—+—

From the above three rankings, the following ranking
yields the maximum loss augmented score of 18.

++—=

However, the loss augmented score of the global optimum
is 22.6. Therefore, using the counter-example we can prove
that the solution from the greedy algorithm described above
is sub-optimal.

D. Latent AP-SVM as an Upper Bound of AP Loss

Before deriving the proof for our proposition that the la-
tent AP-SVM formulation provides a tigher upper bound on
the AP loss compared to the standard latent SSVM formula-
tion, it would be helpful to prove the following lemma.

Lemma 1. For a given value of the ranking matrix Y and
the additional annotations of the negative samples Hpy;,
consider the following optimization problem:

H} = argminw ' U(X,Y,{Hp,Hy}) —
Hp

WT\II(XvY*7{HP7HN})7 (13)

where Y* is the optimal ranking matrix. The above op-
timization problem can be solved optimally as follows re-
gardless of the choice of Y and H :

h = argmaxw ' ®;(h;). (14)
h;

Proof. We use the following shorthand:
(h) = w
s;(h;) = ——
’ PIIV]
1
Using the above shorthand, we can rewrite the expression
in the RHS of problem (13) as follows:
WT\I](X7 Y, {HP7 HN}) -
w' (X, Y, {Hp,Hy})

= Y silh) | Do (Y -V |+

T®;(hy),

T®;(h;). (15)

iE€P JEN
S () s
JEN iEP

By definition }_ .\ Y75 > > . Yij since Yj; = 1 for
alli € P and j € N. Thus, the coefficient of the score
term s;(h;) is negative for all positive samples. Therefore,
in order to minimize problem (13) over all possible choices
of Hp, we should maximize the score s;(h;) for each pos-
itive sample. This is exactly the solution proposed in equa-
tion (14), which completes the proof. O

We are now ready to prove the following proposition.

Proposition 1. The latent AP-SVM formulation provides a
tighter upper bound on the AP loss compared to the stan-
dard latent SSVM formulation.

Proof. We compare the optimization problems correspond-
ing to the standard latent SSVM formulation and the latent
AP-SVM formulation. The parameters of latent SSVM are
estimated by solving the following problem:

1
min 5 {|wl[* + C¢, (17)

S.t. VY,I:IN,HP7HN :

max{w' ¥(X,Y* Hp, Hy)}
Hp

—w'U(X,Y,Hp,Hy) > A(Y",Y) — €.



The parameters of latent AP-SVM are estimated by solving
the following problem:

min %||w\|2+05, (18)

w

s.t. VY, Hy : Irﬁax{wT‘If(X,Y*, {Hp,Hy})
P
—w U(X,Y,{Hp,Hy})} > A(Y"Y) - ¢.

Note that the constraints specified in problem (18) are a sub-
set of the constraints specified in problem (17). In other
words, the feasible region of problem (18) is a superset of
the feasible region of problem (17). It follows that the opti-
mal objective function value of problem (18) is guaranteed
to be less than or equal to the optimal objective function
value of problem (17). In other words, minimizing prob-
lem (18) provides a quantity that is guaranteed to be less
than or equal to the regularized upper bound on the AP loss
that is optimized by the standard latent SSVM. Thus, in or-
der to prove proposition 1 it is sufficient to show that prob-
lem (18) minimizes a valid regularized upper bound on the
AP loss.

In order to show that problem (18) minimizes a regular-
ized upper bound on the AP loss, we introduce the following
notation. Given a set of parameters w for the latent AP-SVM
formulation, we denote the predicted additional annotations
by H(w) = (Hp(w), Hy(w)). Recall that, for each sam-
ple x;, the additional annotation h;(w) is predicted using
the following rule:

h;(w) = argmaxw ' ¢;(h;). (19)

Similarly, we denote the predicted output (that is, the rank-
ing matrix) as Y (w), which is obtained using the following
rule:

Y (w) = argmaxw ' ¥(X,Y,H(w)). (20)
Y

Using the above notation, the AP loss over the training
dataset A(Y™, Y (w)) can be upper bounded as follows:
A(Y", Y (w))

= w U(X,Y(w), {Hp(w),Hy(w)})
+A(Y*, Y (w))
~w (X, Y (w), {Hp(w), Hy(w)}) 21)
w U(X, Y (w), {Hp(w), Hy(w)})
+A(Y", Y (w))
—w (X, Y* {Hp(w),Hy(w)})  (22)
nax {w (X, Y, {Hp(w),Hy})

IN

IN

+A(Y*,Y)
~wTW(X,Y*, {Hp(w),Hy})}. (23)

Expression (22) follows from the fact that the score for op-
timal ranking Y* must be less than or equal to the score

for the predicted ranking Y (w) (since the predicted rank-
ing is obtained by maximizing the score as shown in equa-
tion (20)). Expression (23) follows from the fact that instead
of using the prediction, we maximize over all possible rank-
ings and additional annotations of the negative samples.

Note that expression (23) still contains the predicted
value of the additional annotations of the positive samples.
In order to further simplify the upper bound, we make use
of lemma (1), which implies that for any value of Y and
H y, the following holds true:

Hp(w) = argminw' ¥(X,Y,{Hp,Hy}) —
Hp

WT\II(XaY*a {HPaHN})a (24)

since the predicted value of Hp(w) is exactly equal to that
specified by equation (14). Therefore, it follows that

Hp(w) = argminw' (X, Y, {Hp,Hy}) —
Hp

WT\I’(X7Y*ﬂ{HP7HN}) +A(Y*7Y)7 (25)

since A(Y*,Y) is independent of Hp. For example, con-
sider the action classification task, where Y denotes the
ranking of the images and H p is the bounding boxes in the
positive samples. Regardless of the choice of the positive
samples, the loss is computed based on the ranking Y and
not the bounding boxes Hp. Using the fact that the above
equation holds true for any choice of Y and Hpy, expres-
sion (23) can be simplified as

: T

min max {w'o(X,Y,{Hp,Hy})

+A(Y")Y)
—w (X, Y", {Hp,Hy})}. (26)

We note that this is exactly the value of the slack variable £
in problem (18). This proves that problem (18) minimizes a
valid regularized upper bound of the AP loss, which in turn
proves the proposition. O

E. Efficient inference for AP-SVM

Output-Consistent Inference. Output-consistent infer-
ence requires us to solve the following problem:
min max {A(Y*,Y) —w ¥(X,Y*, {Hp,Hy}) (27)
Hp Y. Hy
+w ' U(X, Y, {Hp,Hy})}.

Although problem (27) contains Y and H y, the following
proposition shows that it can be optimized easily with re-
spectto Hp.

Proposition 2. Problem (27) can be solved efficiently by
independently choosing the latent variable for each positive
sample using the following criterion:

hf = argmax w ' ®;(h;),Vi € P. (28)

i



Proof. For any given value of Y and H », lemma (1) proves
the following:

H} = argminw ' (X, Y, {Hp,Hy}) —
Hp

WT\I’(X7Y*5 {Hp,HN})7 (29)

where H} is computed as suggested in the above proposi-
tion, that is, by maximizing the scores of positive samples
independently over their choice of additional annotations.
Therefore, it follows that

H} = argminw ' U(X,Y,{Hp,Hy}) —
Hp
w U(X,Y*, {Hp,Hy}) + A(Y")Y), (30)

since A(Y*,Y) is independent of Hp. For example, con-
sider the action classification task, where Y denotes the
ranking of the images and H p is the bounding boxes in the
positive samples. Regardless of the choice of the positive
samples, the loss is computed based on the ranking Y and
not the bounding boxes Hp. Using the fact that the above
equation holds true for any choice of Y and H y, it follows
that

H} = argmin max {WT\I/(X,Y, {Hp,Hn})
Hp Y . Hy
+A(Y")Y)
—w U(X,Y*, {Hp,Hy})}. 3D
This proves the proposition. O

Loss-Augmented Inference. The most violated con-
traint, is found by solving the following problem:

Y, Hy = argmax{w ' U(X,Y,{H}, Hy})
Y. Hy

—{wT¥(X,Y* {Hp, Hy}) + A(Y",Y)}. (32)

Yue et al. [2] proposed an efficient method for loss-
augmented inference over the output ranking Y. However,
in problem (32) we need to maximize over an additional set
of variables Hy. The following proposition allows us to
perform the joint optimization efficiently.

Proposition 3. Problem (32) can be solved by ﬁrst
maximizing over My using the criterion, h; =
argmaxy, s;(h;).

Proof. Problem (32) can be written as

argmax{z Z Y;)s;(h;)
Hy i€P jEN
+Y Y (Y 2)sihl) +AYS YY)} (33)
i€EP JjEN

By definition, Y;; = 1foralli € P,j € N. Thus, the
coefficient of the score term s;(h;) is non-negative for all
negative samples regardless of the value of Y. Therefore,
problem (32) can be maximized first over Hy by maximiz-
ing the score of each negative sample independently. This
proves the proposition. O

F. Additional Results on Character Recognition in
Natural Images

Figure 1 shows the best AP values for all the 4 classes
where the performance of latent AP-SVM is statistically dif-
ferent from that of latent SSVM (using paired t-test with p-
value less than 0.05). Latent SSVM provides statistically
significant improvements over latent AP-SVM for only 1
class. In contrast, latent AP-SVM improves the performance
for 3 classes. In terms of the mean AP value, latent AP-SVM
provides an improvement of 4.4% for the 4 classes shown
in figure 1.

Figure 2 shows the AP values for the 4 statistically sig-
nificant characters on the ‘test set. Similar to the cross-
validation results, latent AP-SVM outperforms latent SSVM
for 3 out of the 4 classes. In terms of the mean AP value,
latent AP-SVM provides an improvement of 3.1% for the 4
classes shown in figure 2.
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Figure 1. The best average precision values for the 4 statistically
significant character classes obtained during 5-fold cross valida-
tion on the ‘trainval’ set of the INIT SK-WORD dataset. The x-axis
corresponds to the characters. The y axis corresponds to the av-
erage precision. Latent AP-SVM provides statistically significant
improvements over latent SSVM for 3 out of the 4 characters.

Figure 3 and figure 4 show the AP values for all 22 char-
acters obtained during cross validation and testing respec-
tively. In terms of the mean AP value over all 22 classes,
latent AP-SVM provides an improvement of 3.2% and 2.7%
over latent SVM during cross validation and testing respec-
tively. Similarly, latent AP-SVM provides an improvement
of 2.7% and 2.5% over latent SSVM during cross validation
and testing respectively.
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Figure 2. The average precision values for the 4 statistically sig-
nificant characters obtained on the ‘test’ set of the 11T SK-WORD
dataset. The x-axis corresponds to the character categories. The
y axis corresponds to the average precision.
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Figure 3. The best average precision values for all 22 character
classes obtained during 5-fold cross validation on the ‘trainval’
set of the TIIT SK-WORD dataset. The x-axis corresponds to the
characters. The y axis corresponds to the average precision.
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Figure 4. The average precision values for all 22 characters ob-
tained on the ‘test’ set of the 1IIT 5K-WORD dataset. The x-axis
corresponds to the character categories. The y axis corresponds
to the average precision.
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